Abstract: We determine the one-loop correction to the anisotropy factor for the square Symanzik improved lattice action, extracted from the finite volume effective action for SU(N ) gauge theories in the background of a zeromomentum gauge field. The result is smaller by approximately a factor 3 than the one-loop correction for the anisotropic Wilson action. We also comment on the Hamiltonian limit.
Introduction
Improved actions [1, 2] have become a frequently used tool for doing Monte Carlo simulations. Recently the square Symanzik improved action was introduced [3] , motivated by the desire to simplify perturbative calculations. From the numerical point of view this new improved action is not expected to be more optimal in removing lattice spacing errors, although simulations [4, 5] suggest it is not performing much worse than the Lüscher-Weisz choice [2] of the improved action.
The square Symanzik action was introduced to allow for a simple background covariant gauge condition. The background field calculation is particularly suited for computing the renormalized coupling constant, not only in the continuum [6] , but also on the lattice with, or without anisotropy [7, 8] . Improved anisotropic lattices are used both for thermodynamics [5] and for extracting glueball masses on very coarse lattices [9] . In both cases the aim is to enhance the resolution in the time direction. Also for the square Symanzik action anisotropy was introduced and used in Monte Carlo simulations [5] . This has motivated us to compute the one-loop correction to the anisotropy factor for this improved action, as it requires only a minor modification in the calculation already performed to compute the Lambda parameter for its isotropic version.
We will perform the background field calculation for a finite volume at arbitrary anisotropy ξ, using the methods followed for the isotropic Wilson action [10] . Our results will include the Wilson action and the square Symanzik improved action. The one-loop correction to the anisotropy factor for the Wilson action was computed before by Karsch [8] in an infinite volume. Our finite volume calculation nicely confirms the universality of these results.
The anisotropic square Symanzik action
For the Wilson action the anisotropy was introduced as follows ( -r x µ ≡ U µ (x) ∈ SU(N )):
where
is required to guarantee that the symmetry of interchanging space and time is restored (in the infinite volume and continuum limit hence restoring Lorentz, or rather O(4), invariance). As we have changed the discretization of the theory, also the Lambda parameter belonging to the running coupling will depend on the anisotropy parameter. Both η 1 (ξ) and Λ(ξ) can be determined from a one-loop calculation. In this paper we will use the notation ξ(g 0 ) ≡ η −1 (ξ, g 0 )ξ, sometimes in the literature also denoted by γ. In the following ξ(g 0 ) will be denoted by ξ for short; from the context it should be clear when ξ indicates the tree-level value.
As was formulated in ref. [5] , one can similarly introduce anisotropy for a tree-level improved action, 
We wish to emphasize that the issue here is not to improve this action beyond tree-level. It would involve the extra non-planar Wilson loops that also appear in the isotropic case [2] . Its coefficients, as well as the one-loop corrections to c 0 , c 1 and c 4 will be doubled in number due to the anisotropy. After eliminating redundancies extra parameters will have to be determined, one of which can be related to η 1 . However, additional physical quantities are required to fix all one-loop coefficients, making this a less than straightforward generalization from the isotropic case [2, 11, 12] . The renormalization of the anisotropy parameter is, however, determined by requiring the restoration of the space-time symmetries in the continuum limit, and can therefore be addressed without computing the one-loop corrections to the improvement coefficients. We impose the renormalization condition not directly by the requirement to restore the space-time symmetries, but rather by comparing the finite volume effective action in a zero-momentum background field derived from the anisotropic lattice action in eq. (3) with the result for the isotropic lattice action. We may also compare with the result obtained from dimensional regularization in the continuum. We will study the one-parameter family of actions defined by
where z = 0 corresponds to the Wilson action and z = −1/16 corresponds to the square Symanzik action, which is improved at tree-level to second order in the lattice spacing.
The relation c 4 = c 2 1 /c 0 allows for a simple background field covariant gauge condition that is easily generalized to the anisotropic case.
The background covariant derivative is given byD µ Φ(x) ≡Û µ (x)Φ(x+μ)Û † µ (x) −Φ(x) and the quantum fluctuations are parametrized as U µ (x) = eq µ(x)Û µ (x) for a lattice background fieldÛ µ (x). The free propagators in this gauge (atÛ µ (x) ≡ 1) are given by Ghost :
Vector :
3 Background field calculation
We compute on a lattice of size N 3 ×∞ the effective action for a dynamical (i.e. time dependent) zero-momentum non-Abelian background field,
It is obtained by intergrating out all non-zero momentum modes. No integration over the zero-momentum quantum modes is included, which for a dynamical background field would lead to breakdown of the adiabatic approximation near c = 0, where the classical potential is quartic [13] . We will follow closely the methods developed for the isotropic Wilson action, described at great length before [10] . The effective action is given by 2 from V 1 (c). We have ignored terms that vanish in the continuum limit. Furthermore, the renormalization group to one-loop order implies g
2 , where a s = L/N = a t ξ is the lattice spacing in the space directions. We have therefore introduced the renormalized coupling
2 . We note that Λ, η 1 , α 1 and α 2 depend on ξ and z. Universality requires that physical quantities, as well as the background field effective action, are independent of these parameters in the continuum limit. This implies that both (α 1 −11N log(LΛ)/24π 2 −η 1 /2N ) and (α 2 −11N log(LΛ)/24π 2 + η 1 /2N ) are independent of ξ and z. For isotropic lattices (ξ = 1), for which η 1 = 0, this implies that
where α c i are the values for a fixed isotropic regularization, like dimensional regularization in the continuum, or the isotropic Wilson action. For anisotropic lattices we follow Karsch [8] by defining
and one easily derives
We can summarize these various relations between the Lambda parameters also as
4 Analytic results
The coefficients α 1 and α 2 are determined by working out the determinants of the quadratic fluctuation operator. This section can be skipped when one is interested in the numerical results only. To all orders in the background field and to quadratic order in the quantum field, using c 
We have introduced the following convenient shorthand notationŝ
as well as "doubled" covariant derivatives and quantum fields (q 1μ (x) ≡ q µ (x) and
ThereforeD 2μ = 2D µ +D 2 µ and the gauge fixing functional can be written aŝ 
It is now straightforward to compute the functional determinants. Simplifications can be made due to the fact that we can split the one-loop correction in a purely kinetic part for which we can drop all terms of higher than second order in c and a potential term for which the time dependence of the background field can be ignored. We find the following results
with X = {ξ, z, N , N}, s = 0, 1 and
where ζ ≡ 1 + 4z, P ≡ P (k, ξ, z) is the (rescaled) propagator, and d µ , p µ and q µ are simple trigonometric functions (momenta are given as k
(20)
We note that in the continuum limit, N → ∞, the total derivative terms α b will only get contributions from near k = 0. It can be shown that
where a 4 is a constant introduced in ref. [13] . In particular these boundary contributions are independent of ξ and z and drop out in the computation of the quantities in eqs. (10) (11) (12) . The remaining terms can be converted to finite integrals in the continuum limit, replacing N −3 k by (2π)
2 −8a 4 )/5 is independent of the regularization employed, cmp. eq. (9). The non-vanishing value of this difference is a manifestation of the breakdown of Lorentz invariance in a finite physical volume. At finite N our results in eqs. (18) (19) are exact. All integrals over k 0 can be performed analytically, yielding sums over the N 3 − 1 non-zero spatial momenta of explicit analytic expressions in z, ξ, N and k, which are readily evaluated numerically. It can be shown that as an expansion in 1/N, terms linear and for z = −1/16 (i.e. with improvement) quadratic in the lattice spacing are absent. For z = 0, where p µ = ζ = 1, q µ = (1 + d µ ) and d µ = cos(k µ ), dramatic simplifications occur. There are in particular for z = 0 more efficient ways to compute the coefficients, but we will not dwell on this any further.
We list the following k 0 integrals required to evaluate the expressions in eq. (19) (y(ω) is defined byω ≡ 2 sinh( 
Numerical results
By extrapolating in 1/N the explicit expressions for α 1 and α 2 on a finite lattice, we can extract their continuum limit to at least nine digit accuracy (we evaluate the momentum sums on lattices with N = 3 to N = 99). Our results are valid for arbitrary SU(N ), where α 1,2 can be written as aN + b/N . Using eqs. (10-11) we reproduce results obtained by Karsch [8] for the Wilson action. The ratio of the square Symanzik action Lambda parameter to the Wilson action Lambda parameter is obtained using either eq. (9) or eq. (12) with (z, ξ) = (−1/16, 1) and (z ′ , ξ ′ ) = (0, 1). The result was already reported in ref. [3] . One finds
agreeing with two alternative recent determinations based on the heavy-quark potential and twisted finite volume spectroscopy [12] . In table 1 we give results for the square Symanzik action at some selected values of ξ between 1 and 20, likely to be of use in simulations, as well as for the Hamiltonian limit, ξ = ∞. The ξ dependence is illustrated in figure 1 . Results for the Wilson action are given for comparison. We only present η 1 and Λ(ξ)/Λ(1) for SU(2) and for SU(3), since one can use eq. (11) to extract the values of c τ and c σ . These can furthermore be used to extract the results for any other number of colors, since
We note that in all cases the value of η 1 is reduced by a factor of approximately 3 for the improved square Symanzik action as compared to the result for the Wilson action. Indeed for the simulations performed in ref. [5] a reduction with approximately a factor 2.5 for the measured value of η 1 can be deduced (whereas the results obtained from the Lüscher-Weisz and square Symanzik action agree within errors). We extracted η 1 using the one-loop truncation of eq. (2) . At the rather strong coupling employed in these simulations the measured values of η 1 themselves should of course not be expected to agree with the perturbative results [14] .
Hamiltonian limit
Here we briefly discuss an interesting feature of the Hamiltonian limit, i.e. ξ → ∞. It turns out that the potential V 1 (c) has field dependent contributions that diverge in this limit. This divergence, however, only occurs for z = 0, in particular for the improved square Symanzik action, i.e. at z = −1/16. At first sight this may seem puzzling. However one should notice that when modifying the action also the measure of integration has to be corrected. Such a modification of the measure can of course be absorbed in the action, as is usually done and is of the same order as the one-loop corrections, giving rise to a term t,i δV (c i (t)). Since the effective potential appears in the action as t a t V 1 (c(t)), with a t = L/Nξ, we conclude that the total contribution to the effective potential, due to correcting for the measure, is linear in ξ (vanishing for N → ∞) and given by Nξ i δV (c i )/L. It is hence much more natural to redirect any terms linear in ξ to the measure.
To determine δV we compute V 1 (c) by taking an abelian background field, suitably extended to the non-Abelian sector. For SU(2) this extension is achieved by substituting iC j σ 3 /N). This can be generalized to arbitrary gauge groups following the methods described in ref. [15] , but we will for the sake of presentation only consider the effective potential for SU (2) . At O(c 6 ) there are additional terms that vanish for Abelian background fields, but they do not concern us here (and have finite limits as ξ → ∞). Along the lines described in ref. [3] anisotropy is easily incorporated and one finds
with λ j (n j , C j ) = 1 + 4z cos
C j )/N) (a more detailed derivation for the isotropic case will appear elsewhere [16] ). One can verify that this gives the correct continuum limit at fixed ξ. For the Wilson action (z = 0) one finds V ab 1 ( C) = L −1 Nξ n = 0 4asinh(ω/2ξ) (the apparent divergence for z = 0 can be shown to be field independent). At finite N we find δV (c i ) = n = 0 log (λ i (n i , C i )/λ i (n i , 0)). The remainder, denoted by V 1 (c), can easily be shown to have a finite limit for ξ → ∞. We conclude that the Haar-measure, 2 ) errors, the 1/N correction to γ 1 can be removed by a non-local field redefinition, as was explained to some detail in ref. [17] . The field redefinition is designed to remove the next-to-nearest couplings in the time direction (not listed in eq. (8) since they are irrelevant in the continuum limit). This non-local effect disappears in the Hamiltonian limit, as it should.
Conclusions
We have calculated the one-loop correction to the anisotropy parameter for the square Symanzik action, using a zero-momentum background field calculation in a finite periodic volume. For the Wilson case we retrieved the results in an infinite volume of Karsch [8] , which is a rather non-trivial check of universality, since even in the continuum the periodic boundary conditions break the Lorentz invariance. We find that the size of the one-loop correction to the anisotropy is reduced, both for SU (2) and SU (3) , by approximately a factor 3 when using the square Symanzik improved action instead of the Wilson action.
We have also discussed the "Hamiltonian limit" of the zero-momentum effective theory, where the lattice spacing in the time direction is reduced to zero. We show how the integration measure is to be improved, defining the inner product on the Hilbert space involved in extracting an effective Hamiltonian from the effective action [18] . 
